We consider solutions of inhomogeneous, reduced hyperbolic equations of the second order, with a large parameter multiplying the unknown function. These solutions are defined on the m-dimensional region outside a star-shaped body. They satisfy an "outgoing" radiation condition at infinity and a Dirichlet boundary condition.
INTRODUCTION
In this paper we establish a priori estimates for solutions of second order, uniformly elliptic partial differential equations of the form LA24 = (A(x) . V) * vu + a(x) -vu + Au =f(x, A), where A(x) is a symmetric matrix. These estimates are for solutions defined in the m-dimensional exterior of a smooth star-shaped body, that satisfy the radiation condition and which reduce to a prescribed function on the boundary aV of the starshaped body.
Our estimates are obtained under the hypothesis that uniformly, where I is the identity matrix, and that if r > rl > 1 where C, is a constant, and p > 2.
Let n be the outward unit normal to the boundary 8 V of the region V where the solution U(X) is defined. We establish first that (1 U, 11s" (the L, norm of the normal derivative of U(X) on av) and j/ Vu/r /Jr, (the L, norm of Vu/r), are bounded from above by a linear combination of Ij Vu -nu, I/at, (the L, norm of the tangential derivative of U(X) on av), the L, norm 11 rfllr, , and X 11 u Ilk,, (the maximum of X 1 U(X)\ on i3V). The constants in this linear combination depend on a(x), A(x), and first derivatives of the elements of A(x), but are independent of A. These estimates hold as h -+ cc if where V(Y,) = V n {x: [ x ( < rr). (If L,u = f is the reduced wave equation for an inhomogeneous medium, i.e., if u(x) = 0 and A(x) = K(X) I, we require instead that Making use of the estimates for Ij ~,\\a~ and II Vu/r /Iv we subsequently obtain an inequality of similar form for A-(l+m)/a j u(x)1 (m = 2, 3) that holds as X -+ 00, uniformly on (V U i3V) n {x: I x / < r2 -8,O < 6 < r,/2} for every value of ra such that (x: 1 x j < r,/2} 3 av.
For solutions of the reduced wave equation our estimates reduce to those obtained by Morawetz and Ludwig [l] . They were able to establish the mathematical validity of the geometrical theory of optics by using them.
Our estimates can be applied in a similar way to establish the asymptotic character of formal series solutions that depend on X in the same way as the expansions of geometrical optics, and also of certain diffraction expansions (cf. [2, 31) .
In Section 3 of this paper we present the inequality that is basic in obtaining our estimates for 11 u, I(av and jj VU/Y [Iv. Th is inequality is derived from an identity that expresses the divergence of a certain vector with components that are quadratic forms in u, and the first derivatives of u, as the sum of quadratic forms in these quantities, and the product of L,u with a linear combination of u and its first derivatives. The identity is derived in Appendix I.
In Section 4 we integrate the basic inequality over the region V exterior to the star-shaped body. The result is an inequality, which implies that under the above conditions (/(n * (A * n))lj2 u, IJav)2 and (11 Vu/r l/y)2 are each bounded from above by a linear combination of (11 u llav)a, (11 Vu -nu, )ly)2, (II r-b 11~)~ and (II 4~ IIv>~. Th is is true for all sufficiently large h.
In Section 5 we first establish that the quantity X2()/ U/Y llv)2 is bounded from above by a linear combination (with coefficients independent of A) of the quantities (II u Ilav)2, (11 Vu -flu, /laY)2, (II &u llv)2, (II(n . (A . w2 % llavJ2, and (11 Vu/r )ly)2. The first three of these are known a priori, while the last two are not. This result, together with the estimates of Section 4, imply that if h is sufficiently large, then both II(n. . (A . n))i12 u, ljav and /I Vu/r jIy are bounded from above by a linear combination of quantities that are all known a priori, viz., II u llav , II Vu -nun IlaY ad II 4~ IL .
In Section 6 we derive an estimate for I U(X)/ that holds uniformly on (vuav)n(x:IxI < 2 r -8, 0 < 6 < r,/2}. We establish for m = 2, 3 that h(i-)/z 1 u(x)/ is bounded from above by a linear combination of (the known quantities) X 1) u l/Qy, 11 Vu -nu, llav , )I rL,u /Iv , and a linear combination of (the unknown quantities) P /I u/r jly , X II Vu/r Ilv, 1) Us /jar,.
Finally, if the estimates of Sections 5 and 6 are combined, the result obtained is that h-(1+")/2 I u(x)1 is bounded from above by a constant multiple of the sum of X 11 u ]lky, I/ Vu -nu, j]av and 1) rL,u lIy . The multiple is constant with respect to X and depends only on norms of A(x), a(x), and first derivatives of the elements of A(x).
2. GLOSSARY Notation 1. X is a positive real number.
2. x is an m-dimensional row vector with components x1, x2, x2,.,., P; (
Here 2B" = bA"* + A"*b -b"A.
The above inequality holds under the assumption that A is a symmetric matrix whence
The vector b and the scalars (J and y must be chosen so that u >, 2 / c 12.
Finally, v and TV must be chosen so that
Inequality (I) is derived as follows, from the identity:
u (The derivation of (2) is given in Appendix I. ) We note first that Furthermore, if 0 is any scalar function, and u > 2 ( c 12, we have
We finally get inequality (1) by using (3) and (4) to estimate the first three terms on the right-hand side of identity (2).
INTEGRATION OF THE BASIC INEQUALITY
Assume now that and if I > r, > 1, where C, is a constant, and p > 2. Assume also that pi A(x) = I, uniformly with respect to the angular variables.
Suppose that aV is star-shaped, and that the radiation condition lim Y s I ~*Vu-iiXu+--2T-U12dS=0 cm-1) r +m T=T-is satisfied.
In (I) we set
We define y by the equation
This choice of y is obviously consistent with the requirement that u >, 2 1 c 12.
Under the assumption that 8V is star-shaped, we have Next, we choose the scalar function p so that / c 1-a is uniformly bounded on aV v V, and so that, as r -+ cc, we have p=r+o - 
Here E is any positive constant less than one.
To establish (5) we first integrate (1) over the region outside 8V, and inside the sphere S,.J = {x: 1 x 1 = r'}. The left side of (1) In this section we establish that the following inequality holds as h + CO:
In deriving (8) we obtain similar inequalities for viz., (13).
ll(n * (A * nw2 %I llav and
The above inequality is derived from (7), and the identity V, (-$ v * Vu))
=V(~).(A.vu)++4).Vu+$(L,u-aavu-AXPU).
The argument we use to derive (8) requires that the coefficient of (11 u/r liv)S be positive. In Appendix III we show that this requirement will be satisfied if the differential operator L, -a + V is uniformly elliptic, and
In the special case that A = KI (i.e., ifL,,u = f is the reduced wave equation for a nonhomogeneous medium), the coefficient of (11 u/r llv)2 will be positive if First, by an argument similar to the one used to derive (5) from (I), we obtain from (9) the preliminary result that, as h -+ 00 cl1311,)24((1 +ti+iib) ( If m > 4 a more complicated argument is needed to obtain a pointwise estimate for u(x). This is because our derivation of (14) The fundamental solution h(x) = h(x, x') in (I 5) is given explicitly by the equation
where A(x) is the diagonal matrix whose entries are the eigenvalues of A(x), H'l'
is the Hankel function of the first kind of order (m -2)/2, and co = 4(24L/e ' Equation (15) is derived under the assumption that 7 = 7(x, rz) is a function in Cz(V(r, + 6) u at') with the following properties: 7(x, y2) < 1 if x E V(Y, + 6) U aV, 7(x, y2) = 1 if x E V(+,) U 8V, 77(x, I~), Vq(x, r2) s 0 if x f S(r, + S) = (x: 1 x j = r2 + 6). To derive (14) from (18) we assume X >> 1, and make use of the following asymptotic formulas:
where These inequalities hold uniformly in x and x', for all x, x' E I' u aL'. A laborious but straightforward calculation based on these formulas leads to the conclusion that, as X -+ co,
uniformly in x, x E T/(r, -6) U i3V. Inequality (14) follows directly from (18) by virtue of (19) as h -+ co.
CONCLUSION
Using Inequalities (8) and (13) If rl < Y < y3 inequality (111.1) still holds, and we set r = (l/c' + 1). Consequently, Since -2 j c I2 (<a . (A . 5,) ) is independent of B', the quantity on the left of this inequality is positive if E' is sufficiently small, and we assume (without loss of generality) that y1 > 51K'~'D.
Finally, consider the quantity with r still equal to (1 /e' + 1). This quantity will be positive if is positive, since -2 j c I2 (5, * (A + &)) -(1 + c/r2)/2 is independent of E', and r can be made arbitrarily large by taking E' sufficiently small. In view of the above we conclude that will be positive if (111.2) is positive. This will be the case if
Note that if A = ~1, with a = 0, then "",',"y y2q(&, , x) will be positive if
